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Abstract
Knill introduced a generalization of stabilizer codes, in this note called
Cliord codes. It remained unclear whether or not Cliord codes
can be superior to stabilizer codes. We show that Cliord codes are
stabilizer codes provided that the abstract error group is given by an
extraspecial p-group. Suppose that the abstract error group has an
abelian index group, then we show that a Cliord code can be derived
from an abelian normal subgroup.
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1 Introduction
Almost all quantum codes known today have been constructed as stabilizer
codes. These codes are derived with the help of abelian normal subgroups of
extraspecial 2-groups [?, ?] or of extraspecial p-groups [?, ?]. A more general
class of quantum error correcting codes { in this note called Cliord codes {
has been introduced by Knill in [?]. In this case, the codes are derived with




It remained unclear, whether or not it is possible to construct Cliord
codes that are better than stabilizer codes. We found surprisingly good
Cliord codes by computer search. However, we were never able to beat the
stabilizer codes. The main result of this note explains this phenomenon: we
nd that each Cliord code is actually a stabilizer code given that the error
group is an extraspecial p-group.
In fact, we prove a stronger result. Cliord codes can be dened for other
error groups as well. We show that if the abstract error group E has an
abelian index group, then it is possible to assume without loss of generality
that the normal subgroup of E used to dene the Cliord code is abelian.
2 Error Groups
An error aecting an n-dimensional quantum system is a linear operator
acting on Cn. The design of quantum codes is simplied by the fact that if the
code is able to correct a certain set of errors , then all linear combinations
can be corrected as well. Therefore, it is natural to x a basis of error
operators. We want this basis to consist of unitary operators so that it will
be easier to design recovery operators. A particularly nice family of bases
has been introduced by Knill [?], and will be used in the following.
Let G be a group of order n2 with identity element 1. A nice error basis
on Cn is a set E = fρ(g) 2 U(n) j g 2 Gg of unitary matrices such that
(i) ρ(1) is the identity matrix,
(ii) tr ρ(g) = 0 for all g 2 G with g 6= 1,
(iii) ρ(g)ρ(h) = ω(g, h) ρ(gh) for all g, h 2 G,
where ω(g, h) is a nonzero complex number depending on (g, h) 2 G  G.
We say that G is the index group of E .
In other words, a nice error basis is a unitary projective representation
ρ of the index group G that is orthonormal with respect to the trace inner
product hA,Bi = tr(ABy)/n.
We will not only be interested in index groups, but also in the error group
generated by the representing matrices ρ(g). A group isomorphic to an error
group is called an abstract error group. We will assume that the abstract
error group is nite, which can always be accomplished by multiplication
with suitable phase factors.
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An abstract error group E is a technical tool that allows to use ordinary
representations instead of projective representations. In fact, the group E
has by denition an ordinary faithful irreducible unitary representation ρ of
degree n = [E :Z(E)]1/2 that lifts the projective representation ρ of its index
group G = E/Z(E). Here Z(E) denotes the center of E.
For example, if the index group G is given by the four group G = Z2Z2,
























The group generated by these matrices is a matrix group of order 8, which
is isomorphic to the dihedral group D8. Thus, the group D8 is an abstract
error group, and its index group can be recovered by D8/Z(D8) = Z2  Z2.
3 Clifford Codes
Let E be an abstract error group. We will construct a quantum code Q from
a normal subgroup N of an abstract error group E. The main properties
of such a code Q are determined by applying results from Cliord theory,
hence the name Cliord code. The relevant results from Cliord theory can
be found in Huppert [?, Kap. 5] or any other standard text on representation
theory of nite groups.
The action of the representation ρ on Cn induces an irreducible CE-
module structure on the ambient space Cn. If we view the ambient space
Cn as a CN -module, then we obtain a decomposition into irreducible CN -









where R is a transversal of the inertia group T (W ) in E, and m is the
multiplicity of the module gW in this decomposition. Recall that the inertia
group is dened by T (W ) = fg 2 E j gW = W g. We dene a quantum code
Q to be a homogeneous component
Q = W     W︸ ︷︷ ︸
m-times
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of this decomposition. Thus, Q is a subspace of Cn which is also endowed
with the structure of a CN -module. We call any quantum code Q that can
be obtained by such a construction a Clifford code.
We need to introduce some more notation before we can discuss the error
correcting properties of a Cliord code Q. We dene Z(W ) to be the set of
elements that act on Q by scalar multiplication
Z(W ) = fg 2 T (W ) j 9λ 2 C 8v 2 Q : gv = λvg.
The error correcting properties of the code Q are summarized by the following
theorem. Although this theorem is essentially contained in [?], we include it
here to make this note self-contained:
Theorem 1 We keep the notation introduced above. Let χ be the character







is an orthogonal projector onto Q. The code Q is able to correct a set of
errors   E precisely when the condition e−11 e2 62 T (W ) − Z(W ) holds for
all e1, e2 2 . The dimension of Q is mχ(1).
Proof. We divide the proof into several steps.
1. Since ρ is a faithful representation, we see that eχ is an idempotent in
the group algebra C[ρ(N)] = CN . The idempotent eχ is hermitian,
since ρ is unitary, hence an orthogonal projection operator. That eχ
projects onto Q is a well-known fact, cf. Theorem 8 in [?, p. 21]. The
dimension of the module W is χ(1), whence dimC(Q) = mχ(1).
2. Let g, h 2 E. The characters of gW and hW are ψ(x) = χ(gxg−1) and
ϕ(x) = χ(hxh−1) respectively, cf. Kap. V, x17, Hauptsatz 17.3 c) in [?].
Suppose that g and h are not in the same coset of T (W ) in E. Then
ψ and ϕ are dierent irreducible characters. Thus the idempotents eψ
and eϕ satisfy eχeψ = 0 = eψeχ, hence project on orthogonal subspaces.
We have im(eψ) = gQ, im(eϕ) = hQ, and thus, in particular, gQ?hQ.
3. It remains to show the error correcting properties of Q. Recall that an
error w can be detected if and only if eχρ(w)eχ is a scalar multiple of
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eχ, cf. [?]. The code Q is -correcting if and only if Q is able to detect
all errors in fe−11 e2 j e1, e2 2 g, cf. [?, ?]. Hence it remains to show
that an error w can be detected if and only if w 62 T (W )− Z(W ).
(a) An error w 2 Z(W ) can be detected, since, by denition, there
exists a scalar λ 2 C such that eχρ(w)eχ = λeχ.
(b) An error w 2 E − T (W ) can be detected, since Step 2 shows that
eχρ(w)eχ = 0 holds.
(c) An error w 2 T (W ) − Z(W ) cannot be detected. Indeed, ρ(w)
maps Q into itself, since w 2 T (W ). However, eχρ(w)eχ cannot
be a multiple of eχ, since this would imply that w is an element
of Z(W ).
This proves the claim. 2
The error correcting properties of a Cliord code Q are fully determined by
the inertia group T (W ) and the group Z(W ). It is often more convenient
to use characters rather than modules to compute these groups. The inertia
group T (W ) coincides with the inertia group T (χ) of the character χ in G:
T (W ) = T (χ) = fg 2 G jχ(gxg−1) = χ(x) for all x 2 Ng.
The group Z(W ) can also be determined by a character. Cliord theory
shows that Q is an irreducible CT -module, where T = T (W ). Denote by ϑ
the irreducible character of T aorded by Q. Then Z(W ) is determined by
the values of the character ϑ:
Z(W ) = Z(ϑ) = fg 2 T j ϑ(1) = jϑ(g)j g.
4 Characters
We have seen that the inertia group of χ determines the error correcting
properties of the quantum code Q. We show in this section how the inertia
groups can be calculated for abstract error groups with abelian index groups.
An abstract error group E has an abelian index group G = E/Z(E) if and
only if its commutator subgroup E 0 is contained in Z(E). For that reason,
it is of interest to study the inertia groups in such groups E. We will see
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that the inertia group of a character χ of N dening a Cliord code is simply
given by the centralizer of Z(N) in E.
Let G be a nite group. We denote by Irr(G) the set of irreducible
characters of G. We say that a character χ 2 Irr(G) is faithful on H  G if
and only if the intersection of H with the kernel of χ is trivial
H \ ker(χ) = H \ fg 2 G jχ(1) = χ(g)g = f1g.
We need to establish a few simple properties of characters. We will see that a
character dening a Cliord code will satisfy the assumption of the following
lemma, which gives some information about character values.
Lemma 2 Let E be a finite group, N E E. Let χ be an irreducible character
of N that is faithful on Z = Z(E) \ N . If z 2 Z, z 6= 1, and n 2 N , then
χ(zn) = ωχ(n) for some ω 6= 1.
Proof. Denote by ρ a representation aording χ. Since ρ is irreducible, ρ(z)
is a scalar multiple of the identity matrix I for all z 2 Z by Schur’s lemma.
If z 6= 1, then ρ(z) = ωI with ω 6= 1, since χ is faithful on Z. Hence
χ(zn) = tr(ρ(zn)) = tr(ωρ(n)) = ω tr ρ(n) = ωχ(n) as claimed. 2
In the next step we want to show that the character χ dening a Cliord
code is indeed faithful on the central elements of E contained in N . We
exploit the fact that χ is a constituent of a faithful character φ 2 Irr(E) of
the abstract error group satisfying φ(1)2 = [E : Z(E)]. Recall that a scalar







This allows to dene the set of irreducible components of the restriction of
φ 2 Irr(E) to N by
Irr(φ jN) = fχ 2 Irr(N) j [χ, φ#N ] 6= 0g,
where φ #N denotes the restriction of φ to N . Using this notation, we can
now formulate
Lemma 3 Let E be a finite group, N E E, φ 2 Irr(E), and χ 2 Irr(φ jN).
If φ is faithful on Z(E), then χ is faithful on Z = Z(E) \N .
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Proof. By Cliord’s theorem, the restriction of φ to N can be expressed as
a sum of characters χg(x) = χ(gxg−1) conjugated to χ:




for some subset R ofE. The conjugated characters satisfy χg(z) = χ(gzg−1) =
χ(z) for all central elements z 2 Z. Hence
(φ # N)(z) = jRjmχ(z)
for all z 2 Z, which proves the claim. 2
We use our knowledge of character values to determine the support of the
character χ:
Lemma 4 Let E be a finite group satisfying E 0  Z(E), and N E E. If
χ 2 Irr(N) is faithful on Z = N \ Z(E), then supp(χ) = Z(N).
Proof. Let n 2 supp(χ). Seeking a contradiction, we assume that n 62 Z(N).
Since E 0  Z(E), this means that there exists an element g 2 N such that
gng−1 = zn for some z 2 Z(E), z 6= 1. Note that zn, hence z, is an element
of N since N is a normal subgroup of E. Thus,
χ(n) = χ(gng−1) = χ(zn) = ωχ(n)
with ω 6= 1, by Lemma 2. This contradicts the fact that χ(n) 6= 0, hence
supp(χ) = Z(N) as claimed. 2
Finally, we are able to determine the inertia groups:
Lemma 5 (“Tacheles” Lemma) Let E be a finite group satisfying E 0 
Z(E), and N E E. Let φ 2 Irr(E) be faithful on Z(E), and χ 2 Irr(φ jN).
Then the inertia group of χ in E is given by T (χ) = CE(Z(N)).
Proof. The character χ is faithful on Z(E)\N by Lemma 3. Thus supp(χ) =
Z(N) by Lemma 4. It follows that CE(Z(N))  T (χ). Conversely, suppose
that g 62 CE(Z(N)). We want to show that g cannot be an element of the
inertia group. Since E 0  Z(E), the condition g 62 CE(Z(N)) implies that
there exists an element n 2 Z(N) such that gng−1 = zn for some z 2 Z(E),
z 6= 1. Again zn 2 N , hence z 2 N , since N is a normal subgroup of
E. By Lemma 2, χg(n) = χ(gng−1) = χ(zn) = ωχ(n) with ω 6= 1. Since
n 2 Z(N)  supp(χ), χ(n) 6= 0, whence g 62 T (χ). 2
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5 Abelian Index Groups
Suppose that we x a normal subgroup N of an abstract error group E and
dene a Cliord code Q using a character χ 2 Irr(φ jN). If the index group
of E is abelian, then the next theorem shows that Q could have been derived
from an abelian group, namely from the center Z(N) of N .
Theorem 6 Let E be an abstract error group with abelian index group. Let
N be a normal subgroup of E. Suppose that Q is a Clifford code with respect
to N , then Q is also a Clifford code with respect to Z(N).
Proof. We divide the proof into several steps.
1. The Cliord code Q is dened by the following data. There exists
a faithful irreducible character φ of E that corresponds to a unitary







is an orthogonal projector onto Q.
2. Recall that E satises E 0  Z(E), since the index group E/Z(E) is
abelian. We want to show that N E E implies that Z(N) E E. Indeed,
take n 2 Z(N) and g 2 E. We have gng−1 = zn for some z 2 Z(E),
since E 0  Z(E). Now zn 2 N , since N E E, and thus z 2 N . On
the other hand, an element z 2 Z(E)\N is an element of Z(N). This
shows that all conjugates of an element n 2 Z(N) are again elements
of Z(N), whence Z(N) E E.
3. The restriction of χ to the center Z = Z(N) is given by (χ #Z)(x) =








is also an orthogonal projector onto Q. It is clear that dimC im(eχ) =
dimC im(eϕ), since the \Tacheles" Lemma shows that the inertia groups
of χ and ϕ are given by T (χ) = CE(Z) = T (ϕ). Thus, it suces to
show that the dimension of im(eϕeχ) is not smaller than the dimension
of im(eχ).
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4. Recall that φ(g) = tr ρ(g) is zero for all g 2 E not in the center Z(E).
Moreover, (φ # Z)(z) = φ(1)ϕ(z) holds for all z 2 Y = Z(E) \ N ,
cf. Lemma 3. Keeping this in mind, it is easy to calculate the dimension
of im(eχ) by
dimC im(eχ) = tr eχ =
jY jφ(1)χ(1)2
jN j .
On the other hand, we nd that







Since χ(z) = χ(1)ϕ(z) holds for z 2 Z, and the conditions z 2 Z and







ϕ(z−1n−1) tr ρ(nz) =
jY jjZjφ(1)χ(1)2
jN jjZj .
This shows that dimC im(eχ) = dimC im(eϕeχ), whence eχ and eϕ
project both onto Q. 2
Recall that a nonabelian group E satisfying E 0  Z(G) is called nilpotent
of class 2. A characterization of abstract error groups with abelian index
groups is given by the following lemma:
Lemma 7 A nonabelian group E is an abstract error group with abelian
index group if and only if E is nilpotent of class 2 with cyclic center.
Proof. An abstract error group E has an abelian index group G = E/Z(E)
if and only if E 0  Z(E). In other words, E is nilpotent of class at most 2.
The center of E is cyclic, since E has a faithful representation ρ.
On the other hand, if E is nilpotent of class 2 with cyclic center, then it
has a faithful irreducible representation of degree [E :Z(E)]1/2, cf. Corollar
to Satz 4 in [?], hence is an abstract error group. 2
We want to point out a particular instance of Theorem 6 that covers
the most familiar type of error groups { the extraspecial p-groups. Recall
that a nite p-group E is called extraspecial if and only if its center Z(E)
is of prime order and coincides with the commutator subgroup E 0 and with
9
the Frattini subgroup (E). For instance, the group generated by all n-
fold tensor products of Pauli matrices (1) is an extraspecial 2-group. The
stabilizer codes have been dened within this error model. The theorem
below shows that the more general denition of Cliord codes does not lead
to new codes within this error model:
Theorem 8 Let E be an extraspecial p-group. Suppose that Q is a Clifford
code over E, then Q is a stabilizer code over E.
6 Conclusions
We have shown some basic properties of Cliord codes, which are a natural
generalization of stabilizer codes. The main result of this note showed that
there is no loss in assuming that the normal subgroup dening a Cliord code
is abelian provided that the abstract error group is a nilpotent group of class
at most 2. There seems to be a dichotomy between abelian and nonabelian
index groups. An analogue of Theorem 6 does not hold for general index
groups. This indicates that for larger alphabets the abstract error groups
with nonabelian index groups might provide a new angle to the theory of
quantum error correcting codes.
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